In Kohn-Sham (KS) density-functional theory (DFT) [1, 2] the fundamental limitation on the accuracy of computationally predicted properties is set by the approximation used for the universal exchange-correlation (xc) functional E xc ½n with nðrÞ the electron density. Currently available approximations allow a high general accuracy and low computational expense for applications throughout physics, chemistry, and biology. Nevertheless, a reoccurring theme in the prior literature is a set of hallmark deficiencies: an inaccurate description of charge transfer and charge distribution in separated systems, too small band gaps, and over-delocalized orbitals. There is a broad multidisciplinary interest for understanding these deficiencies and addressing them.
These hallmark deficiencies are closely related to a set of important exchange features completely omitted in normal semilocal approximations, e.g., the derivative discontinuity (DD) [3] and the relative offset between potentials for well-separated subsystems (cf., e.g., Ref. [4] ). Such features can be achieved with orbital functionals [5] , but at a considerable computational cost. It has so far been unclear if it is at all possible to address these shortcomings within semilocal DFT. In the present work we construct a functional of generalized gradient approximation (GGA) [6] form that includes the missing exchange features. Thus, all of the listed hallmark deficiencies can be addressed in DFT at the computational expense of a usual GGA calculation.
Some prior works have modeled important exchange features directly in the potential, rather than via the functional derivative of an energy functional [7] [8] [9] [10] [11] [12] [13] . A recent model potential of Becke and Johnson (BJ) [14] has with various modifications shown improved polarizabilities [15] , band gaps [16, 17] , and atomic and molecular properties [18, 19] . It was discovered that one of its decisive positive aspects is that its asymptotic limiting value outside a finite system depends on the eigenvalue of the highest occupied orbital (HOMO), but not its occupation number [14, 15] . A postcorrective shift that makes the potential asymptotically go to zero gives precisely the type of discontinuous constant shift at integer particle numbers that is associated with the DD [3, 9, 11, 14, 15] . However, no energy functional corresponding to the BJ potential exists [13, 20] .
In the following we derive an expression for E SL x that is semilocal (SL) in the density and at the same time has a functional derivative v SL x that shows all of the attractive properties of the BJ potential. We start from the GGA form [6] 
where FðsÞ is the exchange enhancement factor, A x ¼ Àð3=4Þð3=Þ 1=3 in Hartree atomic units, and s ¼ jrnðrÞj=ð2ð3 2 Þ 1=3 n 4=3 ðrÞÞ. The asymptotic density far outside a finite system is [7] nðrÞ ! m I Ce
where C is a system-dependent normalization constant, m i is the occupation number of orbital i, and i ¼ I is the index of the highest occupied orbital. To allow for the possibility that the asymptotic potential of Eq. (2) may be nonzero, we write
with I the KS HOMO eigenvalue. Using this density we get an expression for the GGA potential in the long-range asymptotic limit [Eq. (37) of Ref. [7] ]. This long-range asymptotic limit is decisive for the further considerations: in order to achieve the same positive features as the BJ potential, we have to mimic the 0031-9007=13=111(3)=036402 (5) 036402 (3) alone is too limited. It is not trivial to extend the above formalism to add asymptotic terms with system-independent prefactors (i.e., À1=r). However, the leading term for the asymptotic behavior outside the surface of a half-infinite bulk system is v x ! Àc=z with c a system-dependent prefactor and z the distance to the surface [25] . For the asymptotic density in this limit we find lnðsÞ ! const þ 2 ffiffiffiffiffiffiffiffiffiffiffi ffi À2 
This term diverges more slowly than Eq. (3) in s and can be used alongside that term. The resulting asymptote FðsÞ ! B 1 s lnðsÞ þ B 2 s lnð lnðsÞÞ can be turned into a well-behaved FðsÞ for all s with a slight modification that recovers the gradient expansion
with B 2 ¼ GE À B 1 . Equation (7) further below reveals that the remaining constant B 1 sets the strength of the derivative discontinuity. Similar parameters are present in many schemes that address exchange deficiencies in functionals, e.g., the mixing parameter for hybrid functionals [28] [29] [30] [31] [32] and the U parameter in DFT þ U [33] [34] [35] [36] .
Returning to the asymptote outside a finite system, an asymptotic expansion of v SL x has a constant leading term, a term $ lnðrÞ=r, a system-independent term $1=r, and further system-dependent terms of the same order. We can achieve that the system-independent term becomes exactly À1=r by choosing
This choice is further corroborated by the tests below, where it gives a reasonable size and behavior of the DD.
The resulting E SL x fulfills uniform density scaling [37] and the second order gradient expansion [26, 27] , but not the local Lieb-Oxford bound (constraint 'g' of Ref. [38] ).
In Fig. 1 we see how this FðsÞ stays close to the functional by Perdew, Burke, and Ernzerhof (PBE) [38] for small s, but increases more quickly beyond s * 0:4 to achieve the necessary asymptote proportional to s lnðsÞ. The divergence of FðsÞ, as opposed to most other semilocal functionals with a v x ! 0, is an important feature of our scheme.
We have thus finished the derivation of the functional and now review the beneficial properties that we have achieved by making the asymptotic potential depend on the HOMO eigenvalue. First, we derive the value that our potential asymptotically takes and find
where
, and the minus sign in front of the square root applies to the case SL I < 0 (see the Supplemental Material [21] for an expanded discussion). With this knowledge we can construct a potential
that asymptotically goes to zero and has eigenvalues f values. This mechanism is in perfect analogy to the discontinuities of the optimized effective potential [5] , yet is here reached with a semilocal functional. The DD is closely related to a characteristic 'step structure' in the potential (e.g., a step in potential offset between well separated subsystems with different chemical potentials) [3, 5] . In Fig. 2 we demonstrate that our potential has this feature by plotting v SL x and v 0 x for a test density obtained by filling (as noninteracting) the two bound states in a system with two highly separated delta potentials of asymmetric strength. This model represents two separated 'clusters' with different chemical potentials, i.e., atoms, molecules, or any other clustering of atoms. One cluster is 'stronger' (i.e., a deeper delta potential giving a more strongly bound state) and one is 'weaker.' This model demonstrates many exchange features missing from typical semilocal functionals. [Note: v DD x is here 3 times Eq. (7), which is the limiting value of the potential for a 1D system.]
In close vicinity to the center of the delta potentials, v SL x for the double delta density and for the isolated delta densities are the same, which is necessary for a v SL x completely semilocal in the density. Since the asymptotic potential for each cluster depends on the highest occupied eigenvalue, there is a built-in offset between the two clusters even in isolation, which is retained when the two clusters are placed well separated in the same system. The potential for the stronger cluster is higher due to the ffiffiffiffiffiffiffiffiffi À 0 I q dependence. The offset counteracts charge redistribution between the clusters, which should not be present at large separation.
If the clusters are moved closer, the picture of two isolated parts with individual eigenvalue spectra becomes increasingly inaccurate. In the transition into one system and a nonseparable set of eigenvalues, the relative offset between the potentials becomes gradually smaller, and there is a transfer of charge from the weaker to the stronger cluster. However, part of the offset remains. This offset keeps the orbital state that originated on the weak cluster more localized compared to the corresponding computation using the LDA potential, which lacks any such offset.
A single global asymptotic limit is recovered on both sides far away from the delta potentials, and there is a potential peak between the separated clusters. Both these 
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week ending 19 JULY 2013 036402-3 features correspond closely to the exact potential [4, 20, 39, 40] . We emphasize that all these crucial potential features are reproduced in this work with a normal semilocal GGA-type expression using only the density and density gradient. The only purpose of v DD x is a final adjustment of the zero of the potential such that the global asymptotic limit v 0 x ! 0. We have implemented E SL x and v SL x in a code for atoms originating from Ref. [41] . This code solves the KS equations on a logarithmic radial grid, which makes it possible to reach a converged all-electron result without basis set issues. We find that the functional strongly improves the shell structure of atoms compared to usual semilocal functionals, as shown for Nb in Fig. 3 . The improved structure is built into v We make a closer examination of the DD in an atomic system in Fig. 4 . As we take the charge of a Mg ion from þ2 to þð2 À Þ, the zero-aligned potential v 0 x makes a discontinuous uniform shift. The shift is roughly 1=3 of that found for EXX (not shown). Note that we do not need to strive to reproduce the full DD of EXX, since semilocal DFT relies on effectively including some static correlation in the exchange functional [5, 42] and the total DD is known to be smaller than the one of EXX [43] .
A further hallmark deficiency of usual semilocal functionals is addressed in Table I . The HOMO eigenvalue (relative to its proper zero, i.e., SL I þ v DD x ) from our approach is much closer to the one of EXX and the experimental ionization potential than found for usual semilocal approaches. Total energies without correlation contributions are of limited accuracy, yet it is noteworthy that the agreement between the HOMO eigenvalue and the difference between total energies of the neutral and ionized system I Á SCF is much improved.
We have also implemented E SL x in the computational code Exciting, a full-electron linearized augmented plane wave (LAPW) code [44, 45] . We have calculated the band structures for Si and Cu at experimental lattice constants, shown in Fig. 5 , and also for Ge (not shown) [46] . The Si and Ge band structures reproduce well the general features of EXX [43] . The band gap of functionals with a nonzero contribution from the DD Á xc needs careful consideration [5, 43, 47] , and there is no reason to expect the KS gap Á KS from v SL x to accurately reproduce experimental 0 K band gaps (for Si, % 1:17 eV and for Ge, % 0:74 eV), given both the unclear contribution from Á xc and that our focus has been on reproducing features previously not seen in this type of functional, rather than a complete exchange-correlation functional optimized for accuracy. Nevertheless, normal semilocal functionals have Á xc ¼0, and the total value Á ¼ Á KS þ Á xc tends to be much too small. The present functional addresses this issue in a similar way as EXX, with much increased KS gaps. We find Á Si KS % 1:6 eV and Á Ge KS % 0:7 eV. It is especially encouraging to find the functional to fully rectify the qualitative deficiency of a vanishingly small gap for Ge seen with many semilocal functionals. Figure 5 also shows the band structure of Cu, a characteristic example of incorrectly delocalized orbitals in semilocal DFT. Localized orbitals, i.e., the d bands, move down in energy and other bands change in accordance to GW results, but with less magnitude [48] . Hence, the present functional allows for a qualitative correction to band structure that has previously been unavailable within KS DFT at the current level of computational expense.
In conclusion, this Letter has presented a closed-form GGA-type semilocal functional that addresses over delocalization, charge transfer, and the description of band structure in semilocal DFT by reproducing exchange features previously unavailable within KS DFT without using orbital functionals. 
